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Let Sx denote the simple group of M. Suzuki of order 
213, 3T . j2 . 7 . 11 . 13. 
The purpose of this paper is to prove the following. 
THEOREM. Let G be a finite group which possesses an involution z such that 
C,(x) N (zj\Sz, a nonsplit extension of (x) by Sz. Then G = O(G) . C,(z); 
in particular, G is not simple. 
The proof of the th eorem is arranged as follows. First some facts concerning 
the group C,(Z) are obtained. Then supposing the assertion of the theorem 
to be false it is shown that [G: K] is even, and so G most possess at least 
two conjugacy classes of involutions. Finally if x denotes the permutation 
character of the representation of G on the left cosets of N = C,(Z), xi = xJu 
may be evaluated on certain classes of H. By considering the action of G on 
its conjugates of Z, a contradiction to a certain value of ~4 is obtained, 
1. THE GROUP H 
It is know that the Schur multiplier of SZ is six [2]. Moreover, D. Living- 
stone [3] has obtained the conjugacy classes of C,\Sx. Using these and the 
conjugacy classes of Sx [4] one may obtain the conjugacy classes of H. With 
the notation of [4], the classes of 2-elementsof H are as shown in Table I. 
The following may be stated. 
LEMhlA 1.1. The group H has precisely three conjugacy classes oj involutiofzs 
with representatives 2, I 2, and x. The centralizers of these elements in H 
have respective orders 214 - 34 . 5, 2’5 . 3J . 5 and 2l” . 37 S” ’ 7 . 11 . 13. 
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TABLE I 
XESZ Element X E H X2 I CH(Xl 
e 
Jl 
.I 
21% . 3’ . 52 -7 . 11 . 13 
21”. 37.5”. 7.11 .13 
29 . 3” .5 .7 
215 . 32 . 5 
214 . 32 . 5 
25 . 3” 
210 . 3 
211 . 3’ . 5 
211 . 32 . 5 
29 . 3 
2’ 
27 
26.3 
25 
LEMMA 1.2. The group H ha-s precisely three classes of 2-elements which 
are roots of x, .with representatives 2, 4, and 8, . 
From the character table of Sz: [4] one immediately knows the 43 non- 
faithful irreducible characters of H. Let these be I’, ,..., Y,, so that Y,(l) = 1, 
Y&a( 1) = 243243. If an element x of His mapped to fin the homomorphism 
H+ Sz: then Yi(x) = Zi(%), i = 0, l,..., 42. From now on the assertion of the 
main theorem is supposed to be false, i.e., it is supposed that G + O(G) . H. 
2. THE CASE WHERE [G : H] IS ODD 
In this case x(l) is odd. By a result of Glaubermann [l] the fact that 
G + O(G) . H yields that z is conjugate in G to at least one of 2, , 2, . If x 
is conjugate to precisely one of these then x(l) is even. Hence x N 2, N 2, 
and G has only one class of involutions. Since H = C,(z) one computes 
x.1(2.) = x&(2,) = xJ(2a) = 270271. 
Let Y4a ,..., E’, be the faithful irreducible characters of H. Then 
$ap,Y,(2,) = i piYi(2a) = 270271 
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where pi denotes the multiplicity of Yi in XJ, i = 0 ,..., n. Now Yi(2,j = Yi(2,) 
for i = 0, I,..., 42 while Yi(2,) == -Y,(2,) for i = 43,..., n. Hence 
x;:. ,Q,Y,(2,) = 270271. 
Since 4, is a root of x, 1 C,(4,,)1 = 2” . 3” . 5 . 7, and so x(4,,) = 1 (note 
4d + 4, in G because x(4,) is odd). Hence Ctz, piYi(4,,) = 1, since Yi(4,,) = 0 
for i = 43,..., n. Thus Et:, ,&{Y,(2,) - Yf(4,)) = 270270 E 2 (mod 4). This 
is a contradiction because visibly Yi(2,) = Yi(4,) (mod 4), i = O,..., 42. The 
following has been proved. 
LEMMA 2.1. TIze involution z is conjugate in G to precisely one of 2, , 2, . 
The following case now remains to be considered. 
3. THE CASE WHERE [G : H] IS EVEN 
Suppose now that a N 2, in G; the same argument will hold if x N 2, 
in G. Thus x(l) is even and z + 2,. One computes x(x) = 135136 = x(2,). 
Since x is even when evaluated on any ?-element of G, and since j Co(4,)j = 
2g - 3” 5 . 7, one must have 4a N 4, in G and ~(4~) = x(4,) = IO6 by Lemma 
1.1. The following may be stated. 
LEMMA 3.1. If x kas euen degree tlzen x&(4,) = 106. 
Now consider G acting by conjugation on its conjugates of z. The subgroup 
fixing x, viz. H, permutes the remaining involutions in various orbits (TV one 
of which must consist precisely of the N-conjugates of 2,; for 2, is a G- 
conjugate of z. This orbit has length 33. 5 . 7 . 11 . 13; moreover the permuta- 
tion character E of the action of H on this orbit is nonfaithful and is precisely 
the character of H acting on C&2,). Thus its value at 4,, is the value of the 
permutation character of Sz acting on C,,(&) = C,,(J) at “i,, = Jr. This 
latter permutation character is known, it is Z, + Z, + Z: -+ Z, + Z,, f 
-& + -G + Zl, + Zz , an d its value at Jr is 315. Hence [(4,) = 315. Since 
~4 is the sum of the permutation characters of H acting on each oi , one has 
certainly already shown that x4(4,) > 316. This contradicts Lemma 3.1. 
The main theorem has been proved. 
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